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Abstract. Pure-cycle Hurwitz number counts the number of connected branched 
covers of the projective lines where each branch point has only one ramification 
point over it. The main result of the paper is that when the genus is and 
one of the ramification indices is d, the degree of the covers, the pure-cycle 
Hurwitz number is d r ~ 3 , where r is the number of branch points. 

We approach this problem via the standard translation of Hurwitz numbers 
into group theory. We define a new class of combinatorial objects, multi-noded 
rooted trees, which generalize rooted trees. We find the cardinality of this new 
class which with proper parameters is exactly d r ~ 2 . The main part of this 
paper is the proof that there is a bijection from factorizations of a ci-cycle to 
multi-noded rooted trees via factorization graphs. This implies the desired 
formula. 



1. Introduction 

Suppose A = (Ai, A2, • ■ • , Xi) is a partition of d. We say a permutation a € Sd has 
cycle type A if Ai, . . . , Xe are the lengths of the cycles in the cycle decomposition 
of a. We call a permutation a E Sd an e-cycle if its cycle type is (e, 1, . . . , 1) 
for some e > 2. Given a permutation a of cycle type A, we define its index as 
t(a) = t(A) = X^(Aj - 1). 

Hurwitz numbers count the number of connected branched covers of the projec- 
tive line with specified ramification. More precisely, given d > 1, g > 0, r > 0, 
and A , . . . , A r partitions of d, the Hurwitz number h(d, r, g; A 1 , . . . , A' ) counts the 
number of connected genus-g covers of the projective line of degree d with r branch 
points where the monodromy over the zth branch point has cycle type A* . If a cover 
has non-trivial automorphisms, we divide by the size of its automorphism group. 
According to the Riemann-Hurwitz formula, a branched cover satisfies 

r 

(1.1) X/( A *) =2d-2 + 2g. 

i=l 

Therefore, we are only interested in data (d, r, g; A 1 , . . . , A r ) that satisfies the above 
formula. 

There is also a group-theoretic description of Hurwitz numbers: 
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Definition 1.1. Assume A Hurwitz factorization of type (d, r, g; A , . . . , X r ) 

is a tuple (<ri, . . . , ay) satisfying: 

a) (j, G has cycle type A 1 ; 

b) oi • ■ • ay = 1; 

c) the (Tj's generate a transitive subgroup of S^. 

Then the Hurwitz number h(d, r, g; A 1 , . . . , X r ) is the number of Hurwitz factor- 
izations divided by d\. This interpretation will be the one we use in this paper. 

There has been a lot of work on Hurwitz numbers. Most of it has studied 
situations where all but one or two branch points are simple; i.e., all but one or two 
A"s have the form (2, 1, . . . , 1). Hurwitz [5] and Goulden- Jackson [2] showed that 
if A 1 = • • • = A'- 1 = (2, 1, . . . , 1) and A r = (t 1; . . . ,r„), then 

(1.2) h(d, r, 0; A 1 , . . . , A r ) = £ tM M^lll ^ 

TOi!m 2 ! • • • m d \ 

where mi is the number of Vs in A r for 1 < i < d. 

In this paper, we will study pure-cycle Hurwitz numbers. We say a Hurwitz 
number is pure-cycle if each \ l is of the form (e^, 1, . . . , 1) for some integer > 2. 
In other words, a pure-cycle Hurwitz number counts the number of genus-g cov- 
ers of the projective line of degree d with r branch points where there is only one 
ramification point over each branch point, with ramification index e^. In this situa- 
tion, we will abbreviate our notation for the Hurwitz number to h(d, r, g; e\, . . . , e r ). 
Pure-cycle Hurwitz numbers were first studied in [7]. The authors showed that 

(1.3) /i(d, 4, 0; ei, e 2 , e 3 , e 4 ) = min{e l (c? + 1 - e^}. 

We consider the special case of pure-cycle Hurwitz numbers when the genus is 
and one of the e^s is d. Since the order of e.;'s does not change the Hurwitz number, 
without loss of generality, we can assume e r = d. Note that by the Riemann- Hurwitz 
formula (HU), we must have Ei=i( e i ~ 1) = Ei=i(e» - 1) + (d- 1) = 2d- 2 + 2 • 0. 
Hence, we require 

r-l 

(1.4) ^(e i -l) = d-l. 



= i 



Below is our main theorem: 

Theorem 1.2. Suppose Ei=i( e » — 1) = d — 1. Then 
(1.5) h(d, r, 0; ei, . . . , e r _i, d) = d r ~ 3 . 

One checks that our theorem generalizes special cases of (|1.2j) and (jl.3|) . Indeed, 
if A r = (d) in (| 1 . 2(1 . it becomes the pure-cycle Hurwitz number /i(d, r, 0; 2, . . . , 2, d). 
Then by the requirement (|1.4p . we have that d = r. Hence, (|1.2p gives us 

, (d , r ,0 !2 ,...,2, d )=(t^_^ = <i .-« = (r -3. 

On the other hand, if we let e^ = d in (|1.3j) . by simple calculus arguments, one sees 
that 

h(d, r, 0; ei, e 2 , e 3 ,d) = d(d + l - d) = d 4 " 3 = d r " 3 . 
We remark that since ay is a d-cycle, condition c) in the definition of Hurwitz fac- 
torization is automatically satisfied. Thus, to verify whether one tuple (cti, . . . , ay) 
is a Hurwitz factorization of type (d, r, 0; ei, . . . , e r _i, d), we only need to check 
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whether (a) and (b) are satisfied. Hence, we reduce our problem to a simpler 
combinatorial problem: 

Definition 1.3. Fix a d-cycle r. We say (<Ti, . . . , oy-i) is a factorization of r the 
following conditions are satisfied: 

a) For each i, Ui is a cycle in S SVLpp ( T y, 

b) o"x • ■ • oy_i = t. 

If further for each i, o~i is an e^-cycle, we say (a±, . . . , er r _i) is a factorization of 
r of type (ei,...,e r _i). 

We denote by J-ac(d, r, r; ei, . . . , e r _i) the set of all the factorizations of r of 
type (ei, . . . , e r _i) and fac(d, r, r; ex, . . . , e r _i) the cardinality of J-ac(d,r,r; ex, 
. . . , e r _i). 

Clearly, the number of factorizations is independent of the choice of r, so we 
often omit r and just write fac(d, r;e±, . . . , e r _i). 

If (<7i, . . . , cr r _i) is a factorization of r of type (ex, . . . , e r _x), one can show that 

r— 1 

(1.6) X^ e ' ~~ ^ = d ~ 1 + 2 - 9 ' for some f - °- 

i=l 

In Set, there are (d — 1)! permutations that are d-cycles. Thus, the number of 
Hurwitz factorizations of type {d, r, g; e±, . . . , e r _i, d) is (d— 1)! fac(d, r; ex . . . , e r _x). 
Hence, we have that 

h(d,r,g',e 1} ...,e r -i,d) = -fac(d,r;ex,...,e r _x). 

d 

We conclude that Theorem 11.21 is equivalent to the following theorem: 
Theorem 1.4. Suppose J2i=i( e i — 1) = d — 1. Then 

(1.7) fac(d, r; ex, . . . , e r _x) = d r ~ 2 . 

We remark that if ex = • • • = e r _x = 2, then d — r and fac(d, r; ei, . . . , e r _x) 
counts the number of factorizations of a d-cycle into d— 1 transpositions. According 
to our theorem, this number is 

(1.8) fac(d, d; 2, . . . , 2) =d d ~ 2 . 

Note that d d ~ 2 also counts the number of labeled trees with d vertices. Different 
bijective proofs of (11.8[) were given by Denes Q], Moszkowski [8], Goulden- Pepper 
[3] and Goulden- Yong [4]. 

Different but equivalent versions of Theorem II .41 have been studied. Given non- 
negative integers n%, . . . , rid, we say a factorization (ax, . . . , ay_x) of a d-cycle is o/ 
cj/cZe index (712, ^3, . . . , rid) if there are n m m-cycles among <rx, . . . , o>-i for any 
2 < m < d. Note that with this definition, the condition (|1.4|) translates to 

d 

(1.9) ^(m- l)n m = d- 1. 

m— 1 

Springer [5] and Irving [5] showed that assuming (11.91) , the number of factorizations 
(<7X) • ■ • i ov— 1) °f a d-cycle of cycle index (722, ■ ■ ■ , n^) is given by 
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Since the factorization number fac(e?, r; ei, . . . , e r ~i) we consider is invariant under 
order of ej's, we see that Theorem 11.41 is equivalent to their result. Springer [9] 
proved the result by symmetrizing the problem further. He gave a bijection between 
factorizations of cycle index (ri2, . . . , rid) of all <i-cycles in Sd and doubly-labeled 
oriented cacti preserving cycle lengths, then showed the latter class of combinatorial 
objects has cardinality (d— 1)! times (|1.10[) . Irving's proof [6] is based on a bijection 
between factorizations of cycle index (712, ■ ■ ■ , rid) of a fixed d-cycle and proper 
polymaps. (Irving's polymap is a generalization of the oriented cactus in [5]. It can 
be used in general factorization problems without the restriction that each Cj has 
to be a cycle.) 

The proofs given in [9j [6] can be considered as symmetrized bijective proofs of 
Theorem 11.41 We ask whether one can give a direct "de-symmetrized" bijective 
proof for it. The main purpose of this paper is to give such a bijection. In order to 
do that, we first construct a new class of combinatorial objects called multi-noded 
rooted trees, show that (with proper parameters) it has cardinality d r ~ 2 , and then 
give a bijection between factorizations of a d-cycle and multi-noded rooted trees. 

The plan of this article is as follows: In Section [21 we define multi-noded rooted 
trees and find its cardinality. In Section |3l we associated to each factorization a 
bipartite graph, which we call factorization graphs, and show this association is 
injective. In Section 01 we give characterizations of factorization graphs. Using this 
characterization, we show in Section[5]that there is a bijection between factorization 
graphs and multi-noded rooted trees, and then we conclude our theorems. 

Acknowledgements. We would like to thank Brian Osserman for providing data 
on pure-cycle Hurwitz numbers and suggesting this problem to us. We are also 
grateful to Richard Stanley who pointed out to us the reference [5] and sent us a 
copy of it. 

2. Multi-noded rooted trees 

We assume the readers are familiar with basic terminology in graph theory as 
presented in the appendix of [101 . We will review briefly the terms that will be used 
in this paper. 

Recall that a graph is a pair (V, E) where V is the vertex set and E C V x V 
is the edge set of the graph. A tree is an acyclic graph, and a rooted tree is a tree 
with a special vertex, which we call the root of the given tree. Given a rooted tree 
T, let e = {v,w} be an edge of T. If v is closer to the root than w, we call v the 
parent of w and w a child of v; we also call v the parent end of e and w the child 
end of e. 

We usually draw a rooted tree with its root at the top, put each child below the 
parent, and represent the vertices of the tree by distinct integers, i.e.,V C Z. In 
this paper, we always represent roots with the number 0. See Figure[5]for examples 
of rooted trees. 

Suppose S C Z is a set of n elements and 0^5. Let IZs be the set of rooted 
trees with vertex set S U {0} and rooted at 0. It is well-known that 

(2.1) \n s \ = (n + l) n - 1 . 

In this section, we will introduce a new class of combinatorial objects, called 
multi-noded rooted trees, which generalize IZsi an d we will find its cardinality, which 
is exactly d r ~ 2 if we choose the right parameters. 
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Throughout this section, we assume S = {s± < S2 < • • • < s„} is a set of n 
integers disjoint from {0}. 

Definition 2.1. Suppose f , /i, . . . ,/ n are positive integers. We say M = (T, 0) is 

a multi-noded rooted tree on ^UjO} of vertex data (/o, fx, ■ ■ ■ , /«) if T = (S'UjO}, E 1 ) 
is a rooted tree in TZs and /3 : E — >• N is a function satisfying that for any edge 
e G -B, if Si is the parent end of e, then /3(e) € {1,2,..., 

We define MlZs(fo, fx,..., f n ) to be the set of all multi-noded rooted trees on 
S U {0} of vertex data (/ , fx,---, fn)- 

We call the simple graph with one vertex and no edges the trivial tree. 

Graph representations of multi-noded rooted trees. We give two ways to 
represent a multi-noded rooted tree M = (T, 0) graphically. The first way is to 
draw the rooted tree T and then label each edge e with /3(e). We call this the 
edge-labeled representation of M. 

The second method is to draw a graph with multi-noded vertices: Given any 
positive integer /, an f-noded vertex is a picture of / nodes in a horizontal line 
and grouped together by a circle. (Note that the nodes in an /-noded vertex are 
considered to be ordered.) A multi-noded vertex is an /-noded vertex for some 
/ £ N. With this definition, we can draw M = (T, 0) in the following way: 

(1) For each < i < n, we draw an /^-noded vertex which is labeled by Sj. 
These n + 1 multi-noded vertices are the vertices of M. 

(2) For any edge e = {si, Sj} of T with being the parent end of e, we connect 
the multi-noded vertex Sj to the /3(e)-th node in vertex Sj. These are the 
edges of M. 

We call this the multi-noded representation of M. 

Example 2.2. Let T = T Y as shown in Figure H Suppose M = (T, 0) is the 
multi-noded rooted tree of vertex data (1, 1, 2, 1, 2, 2, 3, 3, 1, 4) and /3({0, S3}) = 1, 



/3({0, S5 }) = 1, P({s3,ss}) = 1, (3({s3,s 2 }) = 1, f3({s 5 ,s 9 }) = 1, /3({s 2 , S6 }) = 2, 



/3({sg, S4}) = 1, /3({sg, si}) = 3, /3({sg, S7}) = 3. The two representations of M are 
shown in Figure [TJ Graph (a) is the edge-labeled representation and graph (b) is 
the multi-noded representation. 



Remark 2.3. We remark that each of the two representations has its own advan- 
tage. The edge-labeled representation does not involve new combinatorial struc- 
ture. We will use it to find the cardinality of MRs(fo, fx, - - - , fn)- The multi- 
noded representation contains the information of the vertex data when the edge- 
labeled representation does not. For example, graph (a) in Figure Q] could be the 




,0 



D 



D 



Figure 1. Two representations of a multi-noded rooted tree. 
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graph of a multi-noded rooted tree of vertex data (1,1,2,1,1,1,1,1,1,3) or any- 
thing bigger, but graph (a) in Figure Q] can only be associated with vertex data 
(1, 1, 2, 1, 2, 2, 3, 3, 1, 4). The multi-noded representation will be used in a bijection 
we construct in Section [5j 

in y- 1 

Proposition 2.4. The cardinality of A41Zs(fo, /i, • ■ • , f n ) is I ^^.fj fo- 

v=° / 

One sees that if / = fx = ••• = /„ = 1, MK s {fv,fi, • ■ • , f r -i) is in bijection 
with IZs, and Proposition 12.41 recovers the result (|2.1|) . One famous way to prove 
(I2.1[) is to construct the Priifer sequence. In fact, we will use this idea to prove 
Proposition ^. 41 Therefore, we will first review the construction of Priifer sequences. 

Priifer sequences. Given a rooted tree T £ IZs, we define a sequence T\,T%, . . . , 
T n+ i of subtrees of T as follows: Set T\ = T. If i < n + 1 and Tj has been defined, 
then define Tj+i to be the tree obtained from Tj by removing its largest leaf Vi and 
the edge incident to Wj. Then define u>i to be the other end of e*, (i.e. iDj is the 
parent of u*), and let j(T) := (w±, 11)2, ■ ■ ■ , w n ). We call j{T) the Priifer sequence 
of T. 

It is clear that iuj G 5 U {0} for 1 < i < n — 1 and w„ = 0. Hence, 7(T) 6 
(^□{O})™- 1 x {0}. The proof of that 7 is a bijection from TZ S to (SUjO})™- 1 x {0} 
can be found in many places in the literature, for example, see |11[ Page 25]. 

Example 2.5. Let T be the first tree shown in Figure [U Then Ti, T 2 , T 3 and T 4 in 
Figure [2] are the first four trees appeared in the construction of the Priifer sequence 
of T. Continuing this construction, we obtain j(T) — (S3, sg, S2, sg, S3, 0, sg, S5, 0). 




Figure 2. Constructing the Priier sequence of a rooted tree. 



Proof of Proposition \2.4\ For convenience, we write sq '■= 0. We denote by H the set 

of matrices ( ^ ^ 2 _ _ _ ^" ^ satisfying (uii, bi) £ U"=o{( s i' k) \ 1 < k < fj} 

for any 1 < i < n — 1 and (w n ,b n ) £ {(0, fe) | 1 < k < fo}. Since {J 7 j =0 {(sj, k) \ 1 < 
k < /;} has cardinality X)j=o /?' ano - {(^>^) I — ^ — fo} nas cardinality /o, the 

cardinality of H is (X)j l =o /i) fo- O ur g° a l is to show that there is a bijection 
between MTl s (fo, /1, . . . , /„) and H. 

We will use the above algorithm for obtaining Priifer sequences of rooted trees 
to define this bijection. 

Suppose M = (T,{3) e Mn s (f Ji,...,f n )- Let 7 (T) = (wi,...,w„) be the 
Priifer sequence of T and ei, . . . , e„ the edges removed in the procedure. We set 
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bi := P(ei). (In the labeled-edge representation of G, &, is the label of the edge a 
that is removed at step i.) Let 

7(M)= ( h b 2 ... 6„ J' 
One sees that 7(G) S -ff. Hence, 7 is a map from MlZs(fo, fi, ■ ■ ■ , /«) to if. 

On the other hand, suppose ( , 1 ^f 2 , " I is H. Then (wi, . . . ,w n ) G 

\ Oi 62 ••• n / 

(5 U {0})"- 1 x {0}. Since 7 give a bijection between TZ S and (5" U {0})™" 1 x {0}, 
we have r y~ 1 (wi, . . . , w n ) £ TZs- Let T := 7 _1 (u>i, . . . , w n ). We can apply the 
algorithm to obtain the Priifer sequence of T and record the order of the edges 
that were deleted. We then label the edge that was removed in the ith step with 
number 6j. This procedure give us a rooted tree T with labeled edges, which is 
the edge-labeled representation of a multi-noded rooted tree M = (T,j3). One can 
check this procedure is the inverse of 7. 

Therefore, 7 is a bijection between MTZs(fo, fi, ■ ■ ■ , fn) and H. Thus, the con- 
clusion follows. □ 

Example 2.6. For the multi-noded rooted tree M in Example 1 2. 2 1 we have 

y(C\ = ( S3 S9 82 Sg s 3 s 9 s 5 \ 
71 ' — ^ 1 3 2 1 113 11/ 

Corollary 2.7. Suppose X^=i( e j~ 1) = Then the cardinality o/A472.5(l,ei — 

1, . . . , e r _i — 1) is d r ~ 2 . 

Proof. Let n := r— 1 and /j := ej — 1 for any l<i<n = r— 1. Then by Proposition 
12. 4i we have 
(2.2) 

n 

\MU S (1, ex - 1, . . . , e r _x - 1)| = |X^s(l, /1, . . . , f n )\ = (1 + ]T = d r ~ 2 . 

i=l 

□ 

Corollary 12.71 provides us with a class of objects with cardinality d r ~ 2 , which is 
the cardinality arising in Theorem II .41 The rest of the paper is devoted to finding 
a bijection between multi-noded rooted trees of vertex data (1, e\ — 1, . . . , e r _i — 1) 
and factorizations of a (i-cycle of type (ei, . . . , e r _i). 

We finish this section with a definition, which will be used in Section [5] 

Definition 2.8. Suppose fo,...,f n are positive integers and let d = Y^i=ofi- 
We say (M, [) is a labeled multi-noded rooted tree of vertex data (/o, /1, . . . , f n ) if 
M e MlZsifo, fi, ■ ■ ■ j /«) and [ is a labeling of the nodes of M with set [d]. (So [ 
is a bijection from the set of the nodes of M to [d].) 

We denote by £MlZ{fo, fi, ■ ■ ■ , fn) the set of all the labeled multi-noded rooted 
trees of vertex data (/o, /1, . . . , / n ). 

3. Graphs associated to factorizations 

Let r G be a ci-cycle, and ei, . . . , e r _i integers no less than 2. Let S — {s± < 
s 2 < ■ ■ ■ < s r _i} be a set of integers disjoint from {0, 1,2,..., d}. For any cycle 
7 € 5d, we denote by C 7 the circle with nodes labeled by numbers in 7 in clockwise 
order. 



s 
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In this section, we associate a bipartite graph to each factorization of r of 
type (ei, . . . , e r -i). By discussing some properties of these graphs, we show that 
with the restriction X)j=i( e i — 1) = d — 1 this association is an injection from 
Tac(d, r, r, e±, . . . , e r _i) to its image set and thus is a bijection. 

Definition 3.1. We call a graph G an S-[d] bipartite graph if the vertex set of G is 
S U [d] and any edge of G connects a vertex in S to a vertex in [d] . For any vertex 
v in an S-[d] bipartite graph G or any subgraph of G, we call it an S -vertex if it is 
in S and a [d]-vertex otherwise. 

We denote by Gs(d, r; e\, . . . , e r _i) the set of all S-[d] bipartite graphs G satis- 
fying for each j:l<j<r—l the vertex Sj has degree ej . 

S-[d] bipartite Graph associated to factorizations. Suppose (|1.1|) and (<7i, 
. . . , <7 r _i) is a factorization of r of type (ei, . . . , e r _i). We associate to (eri, . . . , 
cr r _i) a graph G = (V, E) with vertex set V = S U supp(r) = S U [<2] and edge set 
E consisting of all the pairs {sj, v} where v G supp(crj). We call G a factorization 
graph of type (d, r, r; ei, . . . , e r _i). 

Example 3.2. Let d = 20, r = 10, r = (1 2 ••• 20) and a x = (10 11), a 2 = 
(14 15 19), cr 3 = (1 19), cr 4 = (3 4 5), cr 5 = (1 2 13), cr 6 = (15 16 17 18), a 7 = 
(7 8 9 11), ct 8 = (19 20) and cr 9 = (2 5 6 11 12). One verifies that (01,02, ■ •• ,09) is 
a factorization of r of type (2, 3, 2, 3, 3, 4, 4, 2, 5). The corresponding factorization 
graph is shown in Figure [3] (Note that the bipartite graph in the figure is drawn 
in a special way such that the [d]-vertices are embedded onto C T . It will become 
clear later why we draw the graph this way.) 




FIGURE 3. A factorization graph G of type (20, 10, (1 2 • • • 20); 
2,3,2,3,3,4,4,2,5). 
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We denote by Gg(d, r, r; ei, . . . , e r _i) the set of all the factorization graphs of 
type (d,r,T;ei,...,e r -i). Clearly 

Q* s {d,r,T-,ex, . . . ,e r -x) C Qs(d,r, e%, . . . , e r _i). 

One may notice that the factorization graph in Figure [3] is a tree. In fact this is 
not a coincidence. The following lemma and corollary discuss conditions when G 
is a tree. 

Lemma 3.3. Suppose G £ Gs(d, r; e\, . . . , e r _i) is connected. Then y^Zj (e-i — 1) = 
d — 1 if and only if G is a tree. 

Proof. Any graph is a tree if and only if the graph is connected and the number 
of vertices is one more than the number of edges. Therefore, G is a tree if and 
only if 1 = \S U supp(r)| — Y^=i e j = i* — 1 + d — X^=i e h which is equivalent to 

Epife-l) = d-l. ' □ 

Corollary 3.4. Suppose G <E Qg(d, r, r; e±, . . . , e r _i). Then YHjZi ( e j — 1) = d — 1 
if and only if G is a tree. 

Proof. Suppose G is the factorization graph associated to (<7i, . . . , oy_i), a fac- 
torization of r. Since r is a c£-cycle, one sees (a%, . . . ,<7 r _i) generates a transitive 
subgroup of Sd- Thus, any two [d]-vertices of G are connected by a path. However, 
any S'-vertex is connected to some [d]-vertex. Hence, G is connected. Then the 
conclusion follows from Lemma 13.31 □ 



It is not obvious from the definition that any two different factorizations of r have 
different factorization graphs. We will show this is true at the end of this section 
by induction on r, and to achieve this, we discuss conditions on factorizations of t. 

Lemma 3.5. Suppose ^ = (ui, . . . ,u q ) is a q-cycle and r\ £ <S , supp ( Ai ) satisfying 
supp(77) = {uj 1 , . . . , Uj p } C {ui, U2, . . . , u q } for some j\ > ■ • ■ > j p . Let s be the 
number of disjoint cycles ( including the ones of length 1) in the cycle decomposition 
of firj. Then s < p, and the followings are equivalent: 

(i) s = p. 

(ii) 7] = (u h ,...,u jp ). 

(iii) [11] = (u jl+1 ,u jl+ 2, ...,u g ,ui,.. .,u Jp )(u Jp+1 ,u jp+2 , . . ■,u Jp _ 1 ) ■ ■ ■ 

■ ■ ■ 0j 2 +l>%2+2, ■ ■ -,Uji)- 

Remark 3.6. In this paper, whenever we talk about cycle decomposition, in addition 
to the disjoint cycles of length greater than 1 appearing in the standard cycle 
decomposition of a permutation, we also include "cycles" of length 1. By convention, 
each of these contains exactly one fixed point of the permutation. We consider the 
support of each "1-cycle" to be its associated fixed point. Thus, the support of the 
cycles in the cycle decomposition of a permutation in Sd always gives a partition 
of [d]. 
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Proof of Lemma \3.5[ Clearly, if m g" supp^), then fi(ui) — fir}(ui). Hence, under 
the permutation fir], we must have 

U, J1 + i H-> U n+2 ' y ' ' ' ' ^ Uq I y U\ I ^ U2 ' ^ ' " ' ' ^ % p -l ^ % p 
U Jp + l I ^ U jp+2 H- •■• U^,, 
U J P -l + l ^ U J P -l+2 ■••>-> U Jp _ 2 , 

U J2 + 1 ^ u j2+2 I— > • • • I— > Uj t . 

Hence, the numbers in each line have to be in the same cycle in the cycle decom- 
position of [ir\. Therefore the number of disjoint cycles in fir] is at most the number 
of lines we have above, i.e., s < p. 

It is easy to verify that (ii) and (iii) are equivalent. We show that (i) is equivalent 
to (iii) . We have s = p if and only if the number at the end of each line is mapped 
to the number at the front under firj. This means 

fir)[u jp ) = u jl+1 , M^Oujp-i) = u j p +i, ■ ■ • , WKi) = u j2+i, 

i.e., 

V(uj p ) = M -1 (uji+i) = u h , ryKp-i) = M _1 (u Jp +i) = u Jp , . . . 
T](u h ) = fT 1 (u h+ i) = u n . 
Then our conclusion follows. □ 

Remark 3.7. We can also understand Lemma 13.51 combinatoriallv: Suppose fi = 
(wi, . . . , u q ) is a g-cycle and ?/ € S , supp ( M ) satisfying supp(?y) = {u n , . . . , Uj p } C {u t> 
U2, . . . , u q } and ji > ■ ■ ■ > j p . Recall C M is a circle whose nodes are labeled by 
Mi, . . . , u q in clockwise order. 

Then the followings are equivalent: 

(i) There are p cycles in the cycle decomposition of fir). 

(ii) The numbers in 77 appear counterclockwise on C M . 

(iii) We can cut into consecutive pieces such that each piece forms a cycle 
in the cycle decomposition of ur) when reading clockwise. 

Example 3.8. Let fi = t = (1 2 • • • 20) and 77 = a^ 1 = (12 11 6 5 2) as in 
Example 13.21 We have 

fir] = rag 1 = (1 2 • • • 20)(12 11 6 5 2) = (3 4 5)(7 8 9 10 11)(13 14 • • • 20 1 2)(6)(12). 

See Figure [H Clearly 12,11,6,5,2 appear counterclockwise on C r . If we cut C T 
after each of 2,5,6,11,12, then we get exactly 5 consecutive pieces (3,4,5), (6), 
(7, 8, 9, 10, 11), (12) and (13, 14, ... , 20, 1, 2) when reading the numbers in clockwise 
order. 

Lemma 3.9. Suppose X^=i ( e j — 1) = — 1 and G G Gg(d, r, r; ei, . . . , e r _i). Then 
G is a tree by Corollary \3.4\ 

Suppose by deleting s r _i and its incident edges from G, we obtain trees Q\, . . . , 
Qk, Qk+i, ■ ■ ■ 1 <3e r _i i where for 1 < i < k, the [d]-vertex set of Qi has size rrii for 
some mi > 2, and for k + 1 < i < e r _i, Qi just contains one single [d]-vertex. 

For any i : 1 < i < fc, let Bi be the set of j for which Sj is in Qi. Then 
{Bi, . . . , Bk} is a partition of [r — 2] := {1, 2, . . . , r — 2}. 

For 1 < i < fc, let "fi :— YijeB <J j an< ^ f or ^ 1 — ' — e r~i, ^ li be the 1-cycle 
containing the only [d]-vertex of Qi. Then 
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Figure 4. The products of two cycles fx = (1 2 • • • 20) and 77 = (12 11 6 5 2). 

(i) 71 • • • Jkjk+i • ■ ■ 7e r _i is the cycle decomposition of o\ ■ ■ ■ o~ r -i = ra~ 1 1 . 

(ii) 7,: is an mi-cycle on the [d]-vertex set ofQi. 

(iii) (o~j)j£Bi is a factorization 0/7*, andQi is the factorization graph associated 
to this factorization. 

( iv ) Ejes 4 ( e j - 1) = mi - 1. 

Example 3.10. Let <i, r, ci, . . . , og,T and G be denned as in Example 13.21 So G 
is the graph in Figure [3j If we delete sg and its incident edges from G, we obtain 
eg = 5 trees, including two trees that are only a single [rf]-vcrtcx. Let Qi,Q2, 
Q3, Q4 and Q5 denote the five trees with [d]-vertex set {3,4,5}, {7, 8, . . . , 11}, 
{13, 14, ... , 20, 1, 2}, {6} and {12} respectively. Using the notation of Lemma \3.9\ 
we have k = 3, mi = 3, to 2 = 5, to 3 = 10, and the corresponding partition of 
[r - 2] = [8] is B 1 = {4}, B 2 = {1, 7}, B 3 = {2, 3, 5, 6, 8}. Let 7l = <t 4 = (3 4 5), 
72 = 0-107 = (7 8 • • • 11), 73 = o- 2 o- 3 a 5 a 6 a 8 = (13 14 • • • 20 1 2), 74 = (6) and 
75 = (12). One can check that 7172737475 is the cycle decomposition of Tag 1 , and 
for each i : 1 < i < 3, (ii), (iii) and (iv) hold. 

Proof of Lemma \3.9[ Since all the e^'s are greater than 1, we have that any Qi 
for k + 1 < i < e r -i does not contain any S- vertices. Therefore, each Sj for any 
j e [r — 2] is in one of Qi, . . . , Qk- Thus, {-Bi, . . . , £>&} is a partition of [r — 2], Let 
i G {1, . . . , k} and j € Bi. One sees that all the [d] -vertices incident to Sj have to 
be in Qi as well. Therefore, supp(<7j) is contained in the [<i]-vertex set of Qi. Thus, 
for any j\ £ Bi 1 and j% G Bi 2 with i\ ^ i 2 , we have that supp(tTj 1 ) and supp(<jj 2 ) 
are disjoint, which implies that o~j 1 aj 2 = o~j 2 aj 1 . Hence, 

i=l i=ljeBi j=l 

Furthermore, for each i : 1 < i < k, ji — YijeB a i 1S a permutation on the [d\- 
vertex set of Qi. Therefore, the support of ji'a (1 < i < e r _i) are completely 
disjoint. Hence, we can partition the cycles in the cycle decomposition of ra~_ x 
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into e r _i groups such that the product of the ith group of cycles is exactly j{. This 
implies that e r _i is no greater than the number of cycles in the cycle decomposition 
of to~^ y . However, by applying Lemma 13.51 with fi = r and rj = 0^—11 we have 
that the number of cycles in the cycle decomposition of to~~_i is no greater than 
e r —\. Hence, these two numbers are equal. So each 7$ is one cycle in the cycle 
decomposition of ra~\. We conclude (i),(h) and (hi). Finally, (iv) follows from 
(iii) and Corollary El □ 

Combining Lemma l3.9[ Lemma l3.5l and Remark l3.7[ we have the following corol- 
lary. 

Corollary 3.11. Suppose X^=i( e :/~ -0 = d—l and (ci, . . . ,oy_i) is a factorization 
of t of type (ei, . . . , e r _i). Then we have the following conclusions: 

(i) For each j : 1 < j < r — 1, the numbers in aj appear clockwise on C T . 

(ii) Let 71, . . . , 7fe, 7fe+i, . . . , 7e r _i be defined as in Lemma \3.9[ Then supp(7i), 

supp(7e r _ 1 ) partition C r into consecutive pieces. Furthermore, for 
each i : 1 < i < e r _i, the numbers in 7; appear consecutively on C T reading 
clockwise. Moreover, each 7$ contains exactly one number from a r ~i and 
this number is the last number appearing on C T . 

Proof. By Lemma [3.9i we have that the number of cycles in the cycle decomposition 
of t<t~_^ is equal to e,-_i, the size of the support of o~^ x . Hence, by Lemma 13.51 
and Remark 13. 7\ we have (ii) and the numbers in ay_i appear clockwise on C T . 
We can conclude (i) for other j's by applying Lemma 13 - 9| / (iii) (iv). Lemma l3.5l and 
Remark 13.71 recursively. □ 

By Corollary 13 . 1 ![ / (i) . one sees that with the condition X)j=i( e j — 1) = d — 1, 
no two different factorizations of r can have the same factorization graph. 

Corollary 3.12. Suppose X)j=i( e j — ■"•) = d — I. The way we associate a graph 
to a factorization gives a bijection between the set Tac(d, r, t; ei, . . . , e r _i) and the 
set Q* s (d,r,T\e x , . . . ,e r _i). 

Remark 3.13. We remark that if e\ = • • • = e r _i = 2, then d = r and J-ac{d,d,T\ 
2, . . . , 2) contains factorizations of a c?-cycle t into d—l transpositions. In this 
case for any G £ Gg(d, d, r; 2, 2, . . . , 2), the S'-vertices of G have degree 2. For each 
S- vertex Sj £ G, suppose Sj is incident to Vj 1 and Vj 2 . We can replace Sj and its two 
incident edges by one edge connecting and i>j 2 . Then we get a tree on vertex 
set [d). Therefore, the bijection discussed in Corollary 13.121 becomes a bijection 
between trees on d vertices and factorizations of a d-cycle into d—l transpositions, 
which is the same as the bijection defined by Moszkowski in 8 and the circle chord 
diagram construction defined by Goulden and Yong in [3] . 

4. Characterization of factorization graphs 

In this section, we will give a proposition (Proposition I4.4| ) to characterize prop- 
erties of graphs in Q%{d, r, r; e\, . . . , e r _i), which will be used to construct bijections 
between factorization graphs and multi-noded rooted trees. We first give definitions 
that arc useful for the statement of the proposition. 

Definition 4.1. Suppose S' C S and 7 is a cycle in Sd- Let G be an S"-supp(7) 
bipartite tree. 
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Suppose s £ S' . We say s has the consecutive partition property (or CPP) on 
(G, 7) if after we remove s and all its incident edges from G, the sets of [<i]-vertices 
of the subtrees we obtain partition the circle C 7 into consecutive pieces. 

Suppose v £ supp(7) and {sj ± < sj 2 < ■ ■ ■ < Sj t } are the set of S- vertices incident 
to v in G. By removing v and all its incident edges, suppose we obtain t subtrees. 
We say v has the counterclockwise increasing consecutive partition property (or 
CICPP) on (G, 7) if the following are satisfied: 

a) The [d]-vertices of the t subtrees partition C 7 \ {v} into consecutive pieces. 

b) If we order the pieces in counterclockwise order on C 7 starting from i/, then 
the m-th piece is the [d]-vertex set of the subtree that contains vertex Sj m 
for any 1 < m < t. 

We can restate part of Corollary 13 . 1 1| / (ii) with this definition using the connec- 
tion between 7* and Qi discussed in Lemma l3~9l 

Corollary 4.2. Suppose X!j=i( e j — 1) = d — 1 and G £ G$(d, r, r; ex, . . . , e r _i). 
Then s r _i has GPP on (G, t). 

The properties CPP and CICPP are not independent. In fact we have the 
following lemma. 

Lemma 4.3. Suppose S' C S and 7 is a cycle in Sd- Let G be an S"-supp(7) 
bipartite tree. Suppose s £ S' . If all the [d]-vertiecs incident to s have CICPP on 
(G,7), then s has CPP on (G,j). 

Proof. Suppose v\, . . . , are the [d]-vertices incident to s. Let Qi, . . . , Qk be the 
subtrees containing v\ , . . . , respectively obtained from G by removing s and its 
incident edges. One sees that it suffices to show that for each i : 1 < i < k, the 
union of [<i]-vertex sets of Qi> with i' ^ i is a consecutive piece on C 7 . However, this 
follows from that Vi has CICPP on (G, 7) since this union is exactly the [<i]-vertex 
set of the tree containing s obtained by deleting the edge {s, Vi} from G. □ 

We now state the main result of this section. 

Proposition 4.4. Suppose G £ Gs{d, r; e\, . . . , e r _i). 

Then ( e j ~ 1) = d — 1 and G £ Gg(d, r, r; e%, . . . , e r _i) if and only if G 

satisfies the following conditions: 

(1) G is a tree. 

(2) Any [d] -vertex of G has CICPP on (G,r). 

Therefore, by Lemma \4J^ */X)j=i( e i — 1) = d— 1 and G £ G$(d, r, r;ei, . . ., e r -i), 
we also have the following: 

(3) Any S -vertex of G has CPP on (G, r). 

Example 4.5. Let G be the graph shown in Figure[3j which is the bipartite graph 
associated to the factorization defined in Example 13.21 

From Example 13.101 we see that sg has CPP on (G, (12 • • • 20)), where the 
corresponding partition is {{3, 4, 5}, {6}, {7, 8, . . . , 11}, {12}, {13, 14, ... , 20, 1, 2}}. 

If we remove the [d] -vertex 19 and all its incident edges, we get three trees T%, 
T2 and T3 whose vertex sets are {s2, sq} U {14, 15, ... , 18}, {s%, S3, S4, S5, S7, sg} U 
{1,2,..., 13} and {s$} U {20}, respectively. It is easy to see that the [d]-vertex sets 
of Ti, T 2 and T 3 partition the circle (12 • • • 18 20) into consecutive pieces, and 
these pieces are in counterclockwise order on the circle starting from 19. Moreover, 
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the S- vertices incident to 19 are S2, sq and sg, and satisfy that S2 6 T\ s§ € Ti and 
s 8 e T 3 . Thus 19 has CICPP on (G, (1 2 • • • 20)). 

The readers can check that all the other ^-vertices have CPP on (G, (12 • ■ ■ 20)), 
and all the other [d]-vertices have CICPP on (G, (1 2 • • • 20)). 

We will use the following lemma to prove Proposition 14.41 

Lemma 4.6. Suppose G is an S-[d] bipartite tree. Let vq be a [d]-vertex of G. 

Suppose Q and Q are two subtrees of G satisfying: (1) The union of Q and Q 
is G; (2) i>o is the only common vertex of Q and Q; (3) the \d\-vertex set of Q is a 
consecutive piece on C T and ends with vq when reading clockwise. 

Let 7 be the cycle obtained by reading the [d]-vertices of Q in clockwise order on 
C T . Then we have the following: 

(i) For any v ^ i>q a [d]-vertex of Q, v has CICPP on (Q,j) if and only if v 
has CICPP on (G,r). 

If we suppose further that {sj 1 < Sj 2 < ■ ■ ■ < sj t } are the set of S -vertices 
incident to i>q in G, and Sj lt ..., Sj t _ 1 are in Q and Sj t is in Q, then 

(ii) Vq has CICPP on (Q,7) if and only if vq has CICPP on (G,r). 

Proof. The labeling of r does not matter, so we can always relabel so that Uq 
is the size of the [d]-vertex set of Q. Without loss of generality, we assume r = 
(12 • • • d) and the [ci]-vertex set of Q is {1, 2, . . . , i/q}. So the [ci]-vertex set of Q is 
{i/ , vq + 1, . . . , d}. We also let 7 be the cycle (12 • • • vq). 

(i) Suppose by removing v and its incident edges from G, we get trees T%, . . . , 
T t . We can assume T\ is the tree that contains vq. Let T[ be the tree 
obtained from T\ by deleting Q. One can check that T[, T2, . . . , T t are the 
trees we obtain by removing v and its incident edges from Q. 

Suppose v has CICPP on (Q, 7). Then the [d]-vertices of T{,T 2 , ... ,T t 
partition C 7 \{i/} into consecutive pieces. Because T{ contains ^0, the [d]- 
vertex set of T[ is of the form {a, a + 1, • • • , Uq, 1, 2, • • • , (3} for some < 
f3 < a < vo, and the other t — 1 trees partition [/3 + 1, a — 1] \ {v} into 
consecutive pieces. However, the [^-vertices of Q are {v 0l vq + 1, . . . , d}. 
Hence, the [<i]-vertices of 7\ are {a, a + 1, . . . , d, 1, 2, . . . , /?}. Therefore, 
the [d]-vertices of Ti,T 2 , . . . ,T t partition C r \{V} into consecutive pieces. 
Moreover, condition b) in the definition of v having CICPP on (G, r) can 
also be verified. Therefore we proved that v has CICPP on (G, r). 

By similar arguments we can prove the other direction that if v has 
CICPP on (G,t), then v has CICPP on (g, 7 ). 

(ii) Let T\ , . . . , T t be the subtrees obtained from G by removing vq and its 
incident edges, where T m contains Sj m for each m : 1 < m < t. One checks 
that Q is the union of T t and the edge {vo,Sj t } and Q is the union of 
7i, . . . , T t _i and edges {{^0, Sj^llmii- Hence, Ti, . . . , Ti_i are the trees 
we obtain by removing v and its incident edges from Q, and the [d] -vertex 
set of T t is {vo + 1, fo + 2, . . . , d}. Now it is easy to verify that 1/0 has CICPP 
on ((5,7) if and only if Vq has CICPP on (G,r). 

□ 

Proof of Proposition \4-4\ We prove the proposition by induction on r. Suppose r = 
2. The condition Y^j=i ( e j — 1) = d— 1 is equivalent to e\ = d. Under this condition, 
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Qg(d,r,T;ei, . . . , e r -i) contains only one graph Go = ({si} U [d], {{si, v}}t =1 ), 
which satishes (1) and (2). On the other hand, if G satisfies (1) and (2), one sees 
that G = Go, which is in Gg(d, r, r; e±, . . . , e r -x)- Furthermore, we have to have 
d = e\. 

Suppose tq > 3 and the proposition holds for any r < tq. We prove the case 
?' = ?'o- Let G = (V,E) £ Gs{d, r; e±, . . . , e r _i). For convenience, for each j : 1 < 
j < r — 1, we define the following: 

• Let Ej be the set of edges in G that are incident to Sj . 

• Let Pj be the "star-shaped" graph whose vertices are Sj and the ej [d]- 
vertices incident to Sj , and whose edge set is Ej . 

Suppose X^=i( e j — 1) = d — 1 and G is the graph associated to a factorization 
(<7i, . . . , ay- 1)- Then G is a tree by Corollary 13.41 We only need to show (2). 
Let k,Qx,...,Q k ,Qk+i,---,Qe T -i> 7l> • • • >7fc>7fe+l> • • • >7e r _i and B t , ...,B k be 
defined as in Lemma 13.91 By Lemma 13.9) / fiii) .fry) and the induction hypothesis, 
we have Qi satisfies (1) and (2) for 1 < i < k. 

For any i : 1 < i < k, we define Vi to be the [<i]-vertex of Qi that was incident 
to s r -\ and Qi the union of P r -i and Ui'^iQi'. One checks that the union of Qi 
and Qi is G and Vi is the only common vertex of Qi and Qi. Thus, using these 
together with Corollary 13 . 1 1 1 / (ii) . one sees that the hypothesis for (i) of Lemma 14.61 
are satisfied by setting Q — Qi, Q = Qi and 7 = 7,. 

Let v be an S'-vertex of G. Suppose v is not in supp(oy-i), the set of vertices 
incident to s r _i. Then v is in Qi for some i : 1 < i < k. Since v has CICPP on 
(Qi,"fi), by Lemma 14.6) / (i), v has CICPP on (G, r). Suppose ^ is in supp(ov_i). 
Then v £ Qi for some i : 1 < i < e r _i. If % > k, v is the only vertex in Qi and s r _i 
is the only vertex that is incident to v. Then 1/ automatically has CICPP on (G, r). 
Suppose i < k. Since s r _i is the biggest S'-vertex incident to v, the conclusion 
follows from Lemma |L6j/(ii) and the fact that v has CICPP on (Qj,7i). 

Therefore, we proved that if ( e j~l) = d— 1 and G G ^(d, r,r, ei, ... , e r _i), 
then G satisfies (1) and (2). 

Suppose G satisfies (1) and (2). Since G is a tree which is connected, by Lemma 
13.31 X)j=i(ej — 1) = d — 1. Hence, we only need to prove that G is a factorization 
graph of type (d, r, r; e±, . . . , e r _i). For each j : 1 < j < r — 1, we define <jj to 
be the e^-cycle obtained by reading [d]-vertices incident to Sj in clockwise order as 
appeared in C T . It suffices to show that oi • • ■ oy_i = r. 

We assume the [d]-vertices incident to s r _i are v\, . . . , v &r _ 1 . Let Qi, ■ ■ ■ , Qe r _i 
be the subtrees we obtain by deleting s r _i and its incident edges from G, where 
Qi contains Vi for each i. Since s r _i has CPP on (G,r), the [<i]-vertex set of Qi is 
a consecutive piece on C r containing ^. We claim that 

(i) the [<i]-vertex set of Qi is a consecutive piece on C T which ends with Vi 
when read in clockwise order, for each i : 1 < i < e r _i. 

One sees that it is enough to prove that 

(i') the [<i]-vertex set of Qi does not contain r(^i), the number after i>i on C T 
in clockwise order, for each i. 

We assume to the contrary that for some i, the [d]-vertex set of Qi contains r(i^). 
Then among the subtrees we obtain by removing Vi and its incidence edges, the one 
containing s r _i does not contain the vertex r{vi), which contradicts the assumption 
that Vi has CICPP on (G,t). Therefore, (i') holds and thus (i) holds. 
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Let rrii be the size of the [d]-vertex set of Qi for each i. Without loss of generality, 
we may assume mi, . . . , rrik > 2 and mk+i = ■ ■ ■ = m er l = 1 for some k. 

Since all the e^'s are greater than 1, any Qi for fc+ 1 < i < e r _i does not contain 
any S- vertices. Therefore, each Sj for any j € [r — 2] is in one of Qi, . . . , Qk- Let 
Bi be the set of j's where Sj is Qi, for any i : 1 < i < k. We check that Qi is the 
union of Pj for all j € Bi and G is the union of P r -i and U* =1 Qi. 

For each i : 1 < i < e r _i, let Yj be the cycle obtained by reading the [dj-vertex set 
of Qi on C r in clockwise order. Because Qi's have property (i), by Lemma l3~5l with 
?? = CTjT 1 ]^ and /i = r, we have that J}^ 1 7i is the cycle decomposition of ra~_^. 

fc 

Moreover, since Jk+ii ■ ■ ■ :7e r _i are cycles of length 1, we have J^7i = Ta~\. 

i=i 

Let i : 1 < i < k. One sees that Qi € Gs(mii #Bi + 1; (ej^gsj. It is clear that 
Qi is a tree because G is a tree. Wc then claim Qi also satisfies the following: 

(ii) Any [d]-vertex of Qi has CICPP on (Qj,7i). 

We can prove (ii) similarly as we did in the first half of this proof by using Lemma 
14.61 We omit the details. 

Now by the induction hypothesis, we have that Qi G Gs( m i, li] ( e j)jeBi), 

which implies that Iljes a j = 7»- Since for any j\ 6 5^ and j'2 € Bi 2 with i\ ^ 
we have that supp(cr jl ) and swpp(aj 2 ) are disjoint, Oj l and CTj 2 commute. Hence, 

r-2 fe fc 

n a 3 = n n ^ = n ^ = ^ : -i 

j=i i=ijeBi i=i 

Therefore, ex . . . ay_i = r. 

Thus, we proved that the proposition holds for r = tq. □ 

5. A BlJECTION BETWEEN FACTORIZATION GRAPHS AND MULTI-NODED ROOTED 

TREES 

Let S = {si < S2 < ■ ■ ■ < s r -i} be a set of positive integers disjoint from 
{0, 1, . ..,d}. Also, by convention, we set s — 0. (So s < si < ■ ■ ■ < s r _i.) For 
convenience, we assume t = (1 2 • • • d). In this section, we will give a bijection 
between factorization graphs in Q* s {d, r,r = (1 • • • d); ei, . . . , e r _i) and multi-noded 
rooted trees in MTZs{l, e± — 1, . . . , e r _i — 1) assuming Y^jZi ( e j — 1) = d— 1- Clearly, 
such a bijection can be extended to any r. 

We now construct our bijection. 

Definition 5.1. Assume Ej=i( e j -l)=d-l. For any G G r, (1 2 ■ • • d); 

ei, . . . , e r _i), we have that G is a tree by Corollary 13.41 or Proposition 14.41 We 
make the [d]-vertex 1 of G a root, and call the resulting rooted tree G n . It is clear 
that Si has e, — 1 children in G TC , for each i : 1 < i < r — 1. 

Recall that labeled multi-noded rooted trees are defined in Definition 12.81 We 
define Q C (G) = (M, I) to be the labeled multi-noded rooted tree, where M is in its 
multi-noded representation obtained from G K in the following way: 

a) We make the root 1 of G n a single- noded vertex, which is the root of <fr c (G) . 
We keep the node label 1 and label the single-noded vertex with s = 0. 

b) For each i : I < i < r — 1, suppose v\ < ■ ■ ■ < v ei -i are the children of 
and v is the parent of Si in G TC . Let Sj be an (ej — l)-nodcd vertex containing 
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nodes which are labeled by v\ , . . . , 
Si to the node v. 

One sees that $ £ (G) = (M, I) is in CMK s {l,ei - 1 
MR s {l,e 1 - 1, ... , e r _i - 1). We denote M by $(G). 



i from left to right. Then connect 
. , e r _i — 1), where M G 



Example 5.2. Let d = 20, r = 10, t = (1 2 • • • 20) and G be the graph shown 
in Figure [3j which is the bipartite graph associated to the factorization defined 
in Example EH Then G G Q* s {d, r, r; 2, 3, 2, 3, 3, 4, 4, 2, 5) and $ £ (G) is a la- 
beled multi-noded rooted tree in LMlZsfi, 1,2,1, 2, 2, 3, 3, 1, 4). Figure [5] shows 
the multi-noded representation of $ £ (G). After removing labels for the nodes, we 
get ^(G), which is the multi-noded rooted tree shown in Figure QJb). 




( 1 


1 .13) 




S9 



Figure 5. A multi-noded rooted tree with labeled nodes. 



The main goal of this section is to prove the following proposition. 

Proposition 5.3. Suppose X)j=i( e j — 1) = d — 1. Then $ gives a bijection from 
G* s (d, r, (1 2 • • • d); ei, . . . , e r _i) to .Mfts(l, e x - 1, . . . , e r _i - 1). 

We define £M1Z* S (1, ei — 1, . . . , e r -i — 1) to be the set of all labeled multi-noded 
rooted trees <I> £ (G) associated to factorization graphs G E G${d, r, (1 2 • • • d); ei, 
. . . , e r -i). Then 

£Xfts(l, ei - 1, . . . , e r _! - 1) C £MK S (1, e x - 1, . . . , e r _i - 1). 
The map $ can be factored into two steps: 

G* s (d, r, (1 2 • • • d); ei , . . . , tv-i) $£ » £VW7^(1, ei - 1, . . . , e r ^ - 1) 

removing labels of nodes 
Mft s (l,ei-l,...,e r _i-l) 




Hence, Proposition 15.31 follows from the following two lemmas. 

Lemma 5.4. Suppose X^=i( e j — 1) = d — 1. Then <£> £ zs a bijection from 
G* s {d, r, (1 2 • • • d); ei, . . . , e r _ x ) to £A47?-s(l, e\ - 1, . . . , e r _i - 1). 

Lemma 5.5. Suppose Y^j=\( e j ~ 1) = d — 1. for any M £ .M7£,s(l, ei — 
1, . . . , e r _i — 1), there exists a unique labeling I of the nodes of M such that (M, [) G 
£A4^(l,ei-l,...,e r _i-l). 
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Proof of Lemma \5Ji\ Given any (M, I) G CMlZs(l, e% — 1, . . . , e r _i — 1), we define 
\E'(M, [) to be the S-[d] bipartite graph G whose edge set consists of {s, v} for which 
v is either a node contained in vertex s in M or the parent of s in M. It is clear 
that G is in £?s(d, r; ei, . . . , e r -i) and is connected. Then by Lemma 13.31 G is a 
tree. Hence, ^>(M, 1) is a map from £.M7?.s(L ei — 1, . . . , e r _i — 1) to the set of 
S-[d] bipartite trees. 

For any G G Gs(d, r, (1, . . . , d); ei, . . . , e r _i), we have that <f($ £ (G)) = G. 
Hence, $ £ is injective. Thus, the lemma follows. □ 

In order to prove Lemma 15.51 we need to discuss properties of the labeling [ of 
any (M, Q G CM.H* S (1, e\ — 1, . . . , e r _i — 1). For convenience, we give the following 
definitions: 

Definition 5.6. Given (M, [) G £M1Zs{1, e\ — 1, . . . , e r _i — 1), and any subgraph 
M' of M, we denote by l(M') the set of labels of the nodes in M' . 

For any node v, we denote by M v the subtree of M whose root has the single 
node v. 

For any vertex s, we denote by M s the subtree of M rooted at s. 

Lemma 5.7. Assume Y,j=\i e j -1) = d-l. Let (M, I) G CMK s (l,ei - 1, . . . , 
e,._i — 1). Then (M, [) G CJvl1Z* s (\, e\ — 1, . . . , e r _i — 1) if and only if there exist 
^ "Si ct v < fi v < d for each node v of M and 1 < a'j < /3j < d /or eac/i vertex Sj of 
M satisfying the following conditions: 

(i) For any 1/ a node of M, l(M„) = [a u ,f3 u ] := {a v ,a u + 1, . . . ,/3j,}. 

(ii) For any Sj a vertex of M, i{M Sj ) = [aj,,8j]. 

(iii) Suppose v is a node contained in the vertex Sj, and Bj J _,...,Sj l are the 
vertices connected to v with ji < ■ ■ ■ < jk < j < jk+i < ■ ■ ■ < ji for 
some < k < £. Then {[(i/)}, [a 1 ^ , . . . , [o /l j t ,P'j t \ partition \a v ,fi v \ into 
consecutive pieces with (3j k < ■ ■ ■ < (3'^ < \(v) < ^ < • • • < t . 

(iv) Suppose s.j is a vertex of M. Let v\, v%, . . . , v ej -i be the nodes in Sj from 
left to right. Then [a Vl , j3 Vl ],..., [a.u K .-y>fiu e .-i\ partition [a'^ft'j] into con- 
secutive pieces with j3 Vl < • • • < /3 Ue 

Proof. Suppose (Af, Q G £A4^(1, e x - 1, . . . , e r ~i - 1). Then (M, I) = $ £ (G) for 
some G G ^(d, r,(l 2 • • • d); e\, . . . , e r _i). By Proposition 14.41 G satisfies (2) and 
(3) of Proposition 14.41 It follows directly that l(M v ) for any node v and t(M Sj ) 
for any vertex Sj are consecutive pieces on the circle C. Furthermore, since 1 is 
the label of the node in the root, one sees each consecutive piece is actually a 
consecutive piece of [l,d]. Hence, we can define ov,/?^ and otj,j3'j such that (i) and 
(ii) are satisfied. 

Let v be a node of M. If v is the single node labeled by 1 in the root sq = 0. 
Because so < Sj 1 < ■ ■ ■ < Sj e , (iii) follows from the fact that the [d]-vertex 1 
has CICPP on (G, (1 2 • • • d)). Suppose v is not in the root. We denote by M„ 
the tree obtained from M be removing M„. Then the fact that v has CICCP on 
(G, (1 2 • ■ ■ d)) implies that l{M Sjl ),..., l(M Sjk ), 1{M V ), I(M s . fe+i ), . . . , l(M Sje ) are 

consecutive pieces on C starting from v in counterclockwise order. Note that l(M v ) 
contains node 1, and the union of \(M Sji ),..., i{M Sj ), t(M Sj ), . . . , i(M Sj ) and 
{[(z/)} is t(M„). Thus, (iii) follows. 

Let j G {0, 1, . . . , r — 1}. If j = 0, (iv) clearly holds. Suppose j G [r — 1] . One sees 
that Sj having CPP on (G, (1 2 • • • d)) implies that l(M Vx ), . . . , l(M„ e partition 
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I(M S .) into consecutive pieces. Furthermore, when we construct (M, = $ £ (G) 
from G, we require the labels of the nodes in Sj to be in increasing order from left 
to right. It follows that (3 Vl < ••• < f3 UB ._ ± . Therefore, (iv) holds. 

Now we prove the other direction. Suppose (M, [) G £A41Zs(l, &\ — 1, • • • , e r -\ — 
1) and there exist 1 < a v < f3 v < d for each node v of M and 1 < ad < 
P'j < c? for each vertex Sj of M satisfying (i)-(iv). Let ^ be the map from 
£MlZs{l,ei — l,...,e r _i — 1) to the set of S-[d] bipartite tress defined in the 
proof of Lemma l5.4[ and define G :— ^(M, [). We can reverse the proof in the 
last two paragraphs to show that (iii) and (iv) imply that G satisfies (2) and (3) 
of Proposition 14.41 Since G is also a tree, using Proposition 14.41 we conclude 
that G E Qg(d,r,(l 2 ■ ■ ■ d);e 1 ,. .. , e r _i). It is sufficient to show that $ £ (G) = 
(M, [). However, one checks that for any (M, [) G £MlZs(l, ei — 1, . . . , e r _i — f ), 
<I> £ (^'(Af, [)) = (M, [) if and only if the following two conditions hold: 

(1) The label of the single node in the root Sq of M is 1. 

(2) For any j g [r- 1] the labels of the nodes in Sj are in increasing order from 
left to right. 

However, (1) follows from (iii) by letting v be the single node in sq, and (2) follows 
from the condition j3 Vl < ■•■ < f3 l , e ._ 1 in (iv). □ 

Proof of Lemma [575[ Let M 6 AilZs(l, e.\ — 1, . . . , e. r _i — 1). By Lemma it is 
equivalent to prove that there exists a unique choice of a labeling [ for the nodes of 
M with set [d], and integers 1 < a u < (3^ < d for each node v of M and integers 
1 < a'j < (3'j < d for each vertex Sj of M such that (i)-(iv) of Lemma 15.71 are 
satisfied. 

For any vertex Sj , we say it is a level-m vertex if it has distance m to the root 
so- We call a node a level-m node if it is inside a level-m vertex. We will describe 
an algorithm to choose the unique I, a v ^fi v and a'^j3'y The algorithm will assign 
values in the order of levels: At step (0), we define a' and f3' for the root sq; 
at step (2m+l) (for m > 0), we define a v and fi v for all level-m nodes; at step 
(2m+2) (for m > 0), we define \{v) for all level-m nodes, and define a'j and f3j for 
all level- (m + 1) vertices. 

(0) For the root so of M, since M So = M, the set of labels in M SQ is just [d]. 
Therefore, there is a unique way to choose a' = 1 and f3' = d. 
(2m+l) Suppose for any vertex Sj at level-m, a'j and f3'j are defined. 

Let Sj be a vertex at level-m and let vi, v^, ■ ■ ■ , be the nodes in 

Sj from left to right. Let n.; be the number of nodes in M Vi for each 
1 < i < ej — 1. Since a'j and (3'j are defined already, one sees that there is a 
unique way to choose a vi , f3 Vl , . . . , a„ e . _ 1 , f3 Uf , _ 1 such that (iv) of Lemma 
15.71 is satisfied for Sj : 

i— 1 i 

a Vi := a' 3 + «t, P Vi := — 1 +/]tH) VI < i < e 3 - — 1. 

t=i t=i 
Therefore, in this step, we can define a v and /3„ for all the nodes at 
level-m. 

(2m+2) Suppose for any vertex v at level-m, a v and f3 u are defined. 

Let v be a level-m node contained in vertex Sj , and Sj 1 , . . . , Sj e the 
vertices connected to v with j\ < ■ ■ ■ < jk < j < jk+i < ■ ■ ■ < je 
for some 1 < k < I. Clearly, Sj ± , . . . , Sj e are level- (m + 1) vertices. Let 
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m, ri2, ■ ■ ■ , nt be the number of nodes in Mj 1 , Mj a) . . . , Mj e . Since a v and 
f3 u are defined already, one sees that there is a unique way to choose 
l(v),a'j x , 0'^, . . . jQ!j- e ._ 1 )jSj e ._ 1 such that (hi) of Lemma \b. 71 is satisfied for 



v : 



k 



l(u) — a v + ^2 n t> 
t=i 

k k 

nt, fiji := a v — 1 + y^n ti VI < i < k; 



a'j. n, 



t=i+l t=i 
ft t k I 

\ v + 22 n t + l+ /J n t , ^ := + n t + n t , Vfc + 1 < z < ^. 

f=i t=j+i t=i t=j 

Therefore, in this step, we define labels for all the nodes at level-m and 
a'j and ft'j for all the vertices at level- (m + 1). 
It is easy to see that this algorithm defined the unique solutions to [, a u ,P v , a'j, fi'j 
that satisfy (i)-(iv) of Lemma 15.51 □ 



We proved Lemma f5 .41 and 15751 Hence, Proposition 15.31 follows. 

Proof of Theorem \1.4\ It is clear that the theorem follows from Corollaries 12 . 71 and 
13.121 and Proposition 15. 31 □ 

Therefore, as we discussed in the introduction, Theorem 11.21 follows . 
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